ABSTRACT. Let Í bca compact subset of the family 3 of functions analytic in A= \z: \z\ < 1 ¡, and let £ be a continuous linear operator of order zero on Q.
T. H. MacGREGOR 0 < |x| < 1. We say that / is hull subordinate to g in A if / and g belong to d
and if \w: w = f(z), \z\ < r\ is contained in the convex hull of \w: w-= giz), \z\ <r\ tot each r (0 < r < 1 (1)
Another interesting operator is the 22th partial sum of the power series of a func- (2) f(z) = fxf0Axz)dpAx)
where p varies over the probability measures on X = jx: |x| = 1}. If £ is a continuous linear operator then equation (2) implies that (3) £[/(*)]« íxñf0ixz)]dp.ix).
To prove this, note that the integral in (2) may be uniformly approximated in \z\ < r (0 < r < 1) by a finite sum obtained by approximating p by a convex combination of point masses.
We next use the linearity of i. and finally the continuity of 2l. Conversely, suppose that the sequence Se J satisfies (5) and let £ be defined by (6) and (7). If / £ 0 then, again appealing to Hadamard's formula, the series in (7) also belongs to 0 for
Tim" \a h I Vn < Tirtt |fl |1/n • "ürn" |¿ |1/n < 1.
It is easy to see that £ is the linear and of order zero. To show that £ is continuous, let the sequence \f A belong to 0 and converge to / uniformly on compact subsets of A, Suppose that |z| < 2-(0 < r < l) and write Remark.
As an illustration of Theorem 2 we note that the operators defined by equation (1) Proof. Suppose that f e Stia) so that, according to (11), we may write (12) log /(* = / z qAw) -1 dw.
The functions \q\ consist of those functions subordinate to q0Az) = a + Remarks. The result in Lemma 1 was proved by E. Strohhacker in [16] for
St and for general a by I. S. Jack in [9] using an entirely different method from the one presented above. There is another argument by which Lemmas 1 and 2 can be obtained. The functions in Stia) ate characterized by the formula
where p is a probability measure on X = \x: |x| = 1 j. Lemma 1 is a consequence of formula (13) and the fact that fx log (1 -xz)dpix) is subordinate to log (1 -z).
The last subordination follows from the facts that log (1 -z) is univalent and convex and p is a probability measure. In a similar way, Lemma 2 follows from the representation formula (14) /(z) = zexpi-(l + e-2'a) fxlog(l-xz)dp(x)\ tot functions in Spia).
Lemma 3. Suppose that g is subordinate to the nonconstant function G in A and let D = G[iz: |z| < r\] (0 < r < 1). If \zQ\ < r and g(zQ) e r5D then giz) = Gixz) for some complex number x, \x\ = 1.
Proof. Suppose that wQ = gizQ) £ dD, |zn| < r and 0 < r < 1. To each point wQ on dD there exists at least one point z. with |zj| < r so that Gizx) = wQ.
Since G is an open mapping we must have |z,| = r. The subordination implies that giz) = G(<p(z)) where <p e0, <p(0) = 0 and |<p(z)| < 1 (|z| < 1) [11, p. 227].
If we set z2 = <p(zQ), then Giz2) £ dD. Because of Schwarz's lemma, |z2| < |zQ| < r and so by the openness of G we conclude that |z2| =7. Thus, |zQ| = r and so |<p(zn)| = |zq|. But the equality |<p(z0)| = \z0| at any point in A, zQ /= 0, implies that 4>Az) = xz and |x| =1. Proof. The proof of this theorem is the same as that given for Theorem 3, except we appeal to Lemma 2 instead of Lemma 1.
Remarks. A result which is equivalent to Theorem 3 may be stated for the class K(a).
If we set However, the extreme points of this family can be found when / varies in StAa) (and SpAa)) with the specific functions $(w) = A + Bwp, where p > 0. To show this, we note that formula (13) implies that each function in StAa) can be uniformly approximated on \z\ < r (0 < r < 1 ) by functions of the form gAz)=.n - This last assertion is, of course, less general than Theorem 3, and is not as "elementary" as our proof of that theorem. Although we have proved Theorem 4 in this same way we cannot assert that Theorem 1 is applicable to the class Spia).
